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Abstract
In a recent application of the Bokeh Python library for visualizing physico-chemical
properties of chemical entities text-mined from the scientific literature, we found our-
selves facing the task of smoothing hexagonally binned data in Cartesian coordinates.
To the best of our knowledge, no documentation for how to do this exist in the public
domain. This short paper shows how to accomplish this in general and for Bokeh
in particular. We illustrate the method with a real-world example and discuss some
potential advantages of using hexagonal bins in these and similar applications.
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1 Introduction
Hexagonal binning is a popular alternative for creating two-dimensional histograms that
captures most shapes better than the more common rectilinear binning methods (Carr
et al., 1987). Hexagons are more similar to circles than squares which means data is
aggregated more tightly around the bin center. The minimum distance from a bin center
to the nearest bin border is ~7.5% longer in hexagonal bins than in equiareal square bins,
which improves accuracy of bin selection when interacting with histograms using a computer
mouse or touchscreen. The major disadvantages are the added complexity of computation
and visualization. It is also impossible to exactly subdivide or aggregate hexagonal bins
into smaller or larger hexagons, something that is easy with rectangular bins. However, in
some applications, these drawbacks are not critical.
One of the added complexities when working with hexagonal bins is the coordinate sys-
tem and transformations between the hexagonal and Cartesian coordinate systems. There
are several hexagonal grid systems, such as the axial or trapezoidal coordinates used by
the Bokeh Python library (Bokeh Development Team, 2019), the offset coordinates used
by the TikZ Shapes LATEX library (also to generate Figures 1-5 in this paper) and cube
coordinates with three axes. Other software, including the R tess package (Ho¨hna, 2013),
use a one-dimensional offset enumeration to address individual hexagons. In this paper we
will focus on offset and axial coordinates, though any hexagonal coordinates or numbering
system can be transformed into Cartesian coordinates.
It is sometimes advantageous to smooth images or histograms to reduce noise and
emphasize features of interest. Blurring allows data visualization at a higher resolution
without requiring a large numbers of counts in each bin. Blurring can also be used to
represent uncertainly in measurements or predictions. When the hexagonal tiles represent
spatial data such as a map or image, blurring can be done in the hexagonal coordinate
system, with the distance between two tiles being the minimum number of steps between
them. Each hexagon thus have 6 neighboring tiles with distance 1, 12 tiles of distance 2,
18 of distance 3, etc - in general 6n tiles in the n-th shell around a given tile (Figure 1).
Blurs based on this distance metric are approximately radial.
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Figure 1: Hexagonal tiles with offset hexagonal coordinates (x, y) in two shells around
(0,0). The x axis is here drawn in the middle of the tiles with x = 0.
However, in one of our use cases, based on previous work (Palmblad, 2019), the two
dimensions do not represent spatial locations as in an map or image, but two different
physical variables, with different underlying uncertainties. To smooth the histogram and
visualize these uncertainties, we have to use the original physical dimensions or coordinates.
As we still wish to use hexagonal bins, for the reasons mentioned above, we have to evaluate
the smoothing function in the Cartesian coordinates of the bins, e.g. the bin centers. Note
that we do not wish to smooth the image. The hexagonal bins should remain distinct to
allow the user to interact with the binned data. Here we show how this can be done, and
demonstrate the result using Bokeh. For a more comprehensive and interactive overview
of the many different hexagonal grid systems, see Amit Patel’s excellent blog post on the
subject (Patel, 2013).
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Figure 2: Hexagonal tiles with axial (trapezoidal) coordinates (q, r) in the same two shells
around (0,0). This is the hexagonal coordinate system used by Bokeh.
2 Methods
A hexagon can be seen as made up by six equilateral triangles. From elementary trigonom-
etry, we know the ratio of the height to the side in an equilateral triangle is sin 60◦ or
√
3/2.
If we define the length of the sides of the regular hexagons as 1, the center-to-center distance
between two adjacent hexagons, that is two hexagons sharing one edge, is therefore
√
3.
Between hexagonal bins in offset rows or columns, the distance is 3/2 in one dimension and
√
3/2 in the other (Figure 2). The transformations from offset hexagonal (H) coordinates
(Figure 1) to Cartesian (C) ones are thus:
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With an angle 60◦ between the axes, the transformation from the hexagonal coordinates
q and r in Figure 2 to Cartesian coordinates is independent of coordinate parity:
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This transformation is illustrated in Figure 3 below. The Cartesian coordinates here
refer to the centers of the hexagonal bins:
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Figure 3: Four hexagonal tiles in axial hexagonal coordinates as in Figure 2 (left) and in
corresponding Cartesian coordinates in units of hexagon side length (right). The Carte-
sian coordinates corresponding to (q, r) in axial coordinates are (3q/2,
√
3(q/2 − r)). The
Cartesian coordinates corresponding to (x, y) in offset hexagonal coordinates (Figure 1)
are (3x/2,
√
3y) for even columns (x mod 2 = 0) and (3x/2,
√
3y +
√
3/2) for odd (x
mod 2 = 1).
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As the two Cartesian dimensions in our use case represent different physical dimensions
with different uncertainties of measurement or estimation, the smoothing should not have
rotational symmetry like a radial blur. If the errors are independent, the Gaussian kernel
or signal S that should be transferred from (0, 0) to (x, y) in Cartesian coordinates is:
S(x, y) =
1
σxσy
√
2pi
e
−x2y2
/
2σ2xσ
2
y (3)
where σx and σy are the standard deviations in the Cartesian coordinates corresponding
to the two physical dimensions. We only need to evaluate S(x, y) once for any pair of σx
and σy and in practise only for a limited number hexagonal bins (Figure 4):
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Figure 4: Gaussian blur of a single bin (red circle) in the case σx = 2 and σy = 1 in units of
hexagon side lengths. The numbers represent the transferred signal relative to the blurred
value of the original bin (100%). All other bins are below 0.1% in this example.
We implemented a generic function combining Equations 2 and 3 for creating a blurred
histogram data matrix in Python as part of SCOPE (Search and Chemical Ontology Plot-
ting Environment). The SCOPE project includes tools for executing literature searches,
collecting text-mined chemical entities of biological interest and creating interactive visu-
alizations. The histograms were constructed using pandas and visualized by Bokeh version
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1.4.0. Bokeh is particularly popular for creating interactive visualizations for web browsers
that scales well to large datasets, including the millions of named entities that can be
retrieved from a single literature search. The Bokeh interface in SCOPE includes sliders
to adjust the blurring and scaling, and displays the dominating chemical classes in any
selected bin.
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3 Verifications
To visually verify that the Gaussian blurring does what it was designed to do, we can look
at the effect of varying σx and σy in the kernel (Eq. 3):
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Figure 5: Examples of a single blurred hexagonal bin using the numbers in Figure 4 (top)
and with σx = 4 and σy = 2 (bottom), restricting the blur to the same cells. The color
mapping in both cases is linear from white at 0% to black at 100% of the blurred value of
the central bin.
We tested our Gaussian blurring implementation for Bokeh using SCOPE and searching
Europe PMC for scientific papers mentioning particular techniques from analytical chem-
istry in their section-tagged materials and methods sections (Palmblad, 2019). Hexagonal
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bins more faithfully traced the shapes of log P/mass distributions of chemical classes and
the resulting histograms exhibited different distributions as expected from what is known
about the applicability of the analytical techniques:
Figure 6: Distributions of mass (Da) and polarity (log P) of small molecules retrieved
from papers in Europe PMC mentioning hydrophilic interaction chromatography (HILIC)
in their methods section. The distributions are visualized by SCOPE before (left) and
after (right) applying a non-uniform Gaussian blur of size 2.5. The saturation was set
to 2.5, term frequency-inverse document frequency normalization applied and the Viridis
colormap selected.
The sliders for adjusting the blurring and saturation improve the user experience and
help create clear visualizations. The blurring convey the uncertainty in the log P pre-
dictions. We also found interactive bin selection to be easier in hexagonal bins than in
equiareal rectangular bins. Other features and applications of SCOPE are beyond the
scope of the this paper (no pun intended), but will be described elsewhere.
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4 Conclusion
In this short paper we have shown how to calculate and apply non-uniform Gaussian blurs
in Cartesian coordinates in hexagonal bins, and illustrated this with a real-world example.
For simplicity, we evaluated the Gaussian kernel in the center of each hexagonal bin. It may
be argued that the average kernel value in the bin more accurate represents the underlying
distribution. However, this would require numerical integration over all these hexagonal
bins for what would likely be a very small visual or practical benefit. All source code is
available on GitHub (ReinV/SCOPE) under the Apache 2.0 license.
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